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In van der Waals multilayers of triangular lattice, trigonal warping occurs universally due to the interlayer
hopping. We theoretically investigate the effect of trigonal warping upon distinctive topological phases, like the
quantum anomalous Hall effect (QAHE) and the quantum valley Hall effect (QVHE). Taking Bernal-stacked
bilayer graphene as an example, we find that the trigonal warping plays a crucial role in the formation of
QAHE in large exchange field and/or interlayer potential difference by inducing extra band inversion points at
momentum further away from high symmetric point. The presence of trigonal warping shrinks the phase space
of QAHE and QVHE, leading to the emergence of valley-polarized QAHE with high Chern numbers ranging
from C = −7 to 7. These results suggest that the universal trigonal warping may play important role when the
Bloch states at momentum away from high-symmetric points are involved.
Introduction—. The layered van der Waals materials and
their heterostructures have attracted much attention recently,
most of which exhibit threefold rotation symmetry [1, 2]
leading to a triangular distortion of Fermi surface, i.e., the
isoenergy lines show threefold rotational symmetry, which is
known as trigonal warping [3–6]. Such trigonal warping finds
itself almost universal existence in the two-dimensional van
der Waals layered materials, and brings about various effects
of interest [7–12]. For instance, by theoretically considering
the trigonal warping terms, the presence of Majorana fermions
in monolayer graphene can be explained in terms of Dirac
equation [7]. Besides, the Rashba spin-orbit coupling (SOC)
induced trigonal warping in monolayer graphene can break up
the Fermi circle at low energies as well, one of whose mani-
festations lies in the trigonal increase in the minimal conduc-
tivity [8].
Different from monolayer systems where the trigonal warp-
ing arises out of differing rationales, the main origins of trig-
onal warping in multilayer van der Waals materials share
a common source, i.e., the interlayer hopping, as reported
in various systems, such as in bilayer graphene [4], bilayer
silicene [5], and heterostructure of graphene and hexagonal
boron nitride [9]. Such trigonal warping arises due to the di-
rect wavefunction overlap between different layers and thus
usually leads to a trigonal warping of orders stronger than, for
example, that induced by Rashba SOC [6, 8, 13] and plays
more important role in the electronic structure [9] and trans-
port properties [4]. For example, in bilayer graphene, it takes
the responsibility for the unusual behavior of interference ef-
fects in electronic transport and a suppression of weak local-
ization effect in the absence of intervalley scattering [4].
Although the interlayer hopping induced trigonal warping
is universal in van der Waals systems of honeycomb lattice,
it has not attracted sufficient attention so far in the disci-
pline. In this Rapid Communication, we explore the effect
of trigonal warping on the abundant topological phases [14]
in Bernal-stacked bilayer graphene, e.g., QAHE [15–22] and
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FIG. 1. Schematic diagram for interlayer hopping in Bernal-stacked
bilayer graphene with the light-green-face parallelepiped the one of
primitive cell options and the darkly- and lightly-colored spheres the
sublattice A and B, respectively. With the in-plane hopping terms
understood, in Fig. (a) the perpendicular brown solid line t⊥ con-
nects between the dimer-site atoms; in Fig. (b) the black dash-dotted
lines establish inter-sublattice hopping for γ3; in Fig. (c) the magenta
dashed lines build up intra-sublattice hopping characterized by γ4;
and in Fig. (d) all of the relevant interlayer hoppings are presented.
QVHE [15, 23–26]. We find that, by influencing the band
structure away from high symmetry points in the higher en-
ergy regime, the trigonal warping not only changes the Chern
number of some topological phases, but also enriches topolog-
ical phases inducing QAHE of high Chern number C = ±7.
These results suggest that the influence of trigonal warping on
the electronic structure as well as transport properties shall to
be considered when the Fermi surface involves the momentum
away from high-symmetric points.
System Model Hamiltonian—. Our numerical calculation
is based on the tight-binding model Hamiltonian of Bernal-
stacked bilayer graphene in the presence of uniform exchange
field and Rashba SOC. To capture the physics of trigonal
warping, the next-nearest-neighbor interlayer hoppings are in-
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FIG. 2. Band structure evolution induced by increasing trigonal warping from zero in gated bilayer graphene (the two numbers in parentheses
are Chern numbers contributed from K and K′ valleys, i.e., (CK ,CK′ )). Here, we choose two groups of (M⊥,U) and the strength of extrinsic-
Rashba SOC is tSO = 0.04. Figs. (a)-(c) show the process of topological phase transition induced by trigonal warping located at (M⊥,U) =
(0.10, 0.20) in the parameter space with a QVHE phase as the initial phase. Analogously, Figs. (d)-(f) depict the phase transition start from
a QAHE phase with (M⊥,U) = (0.30, 0.15). Notice that in Fig. (b) the bands close on M-K′ when the trigonal warping strength γ3 = 0.09,
whereas in Fig. (e) the Dirac cone is formed on K′-Γ when γ3 = 0.056. And it is always true that γ4 = 0.37γ3, see the rationality for this fixed
ratio in the main text.
cluded and the corresponding Hamiltonian can be expressed
as [6]:
HBLG =
∑
l=B,T
HlSLG + t⊥
∑
α
∑
〈i∈B(B)
j∈T(A)〉
(c†iαc jα + H.c.)
+

γ4
∑
α,
ς=A,B
∑
〈〈i∈B(ς)
j∈T(ς)〉〉
−γ3
∑
α
∑
〈〈i∈B(A)
j∈T(B)〉〉

(c†iαc jα + H.c.)
+ U
∑
α,i∈B
j∈T
(c†iαciα − c†jαc jα), (1)
where the first term HB,TSLG is the nearest-neighbor tight-binding
Hamiltonian of the bottom/top graphene layer in the pres-
ence of the extrinsic-Rashba SOC and the exchange field
with strengths of tSO and M⊥ respectively, which is expressed
as [27, 28]:
HSLG = − t
∑
〈i j〉α
c
†
iαc jα + itSO
∑
〈i j〉
αβ
c
†
iα(s × ˆdi j)zαβc jβ
+ M⊥
∑
iα
c
†
iαszciα. (2)
The second term of Eq. (1) represents the dimer coupling be-
tween B sites of the bottom layer and the corresponding A sites
of the top layer, as displayed in Fig. 1(a). The trigonal warp-
ing terms in bilayer graphene originates from interlayer next-
nearest-neighbor hopping as portrayed by the third term, with
γ3,4 corresponding to the hopping strengths between different
kinds of atomic sites as displayed separately in Figs. 1(b) and
1(c). The last term describes the interlayer potential energy
difference U. Hereafter, we take the nearest-neighbor hopping
energy t as the energy unity. The following parameters are set
as t⊥ = 0.12, γ4 = 0.37γ3 (a ratio between their practical val-
ues γ3 = 0.38 eV and γ4 = 0.14 eV), and the extrinsic-Rashba
SOC tSO = t⊥/3 unless otherwise noted [6, 13].
3FIG. 3. Comparison of phase diagrams on M⊥-U plane of bilayer graphene. The color bar indicates the magnitude of band gap, and the two
integers in parentheses represent the Chern numbers contributed from valleys K and K′ (CK ,CK′ ), respectively. Fig. (a) displays the simplest
case, wherein even though without trigonal warping (γ3 = 0.00, tSO = 0.04) there exist two valley-polarized phases other than the QVHE and
QAHE phases. Fig. (b) shows the effect of trigonal warping (γ3 = 0.12, tSO = 0.04) based on Fig. (a) that each adiabatically disconnected
regions are reshaped and new phases emerge, among which are those with a high Chern number ±7. Figs. (c) and (d) show that when tSO is
deviated from 0.04, the hyperbola phase borders appear, however, with the main features depicted in Fig. (b) maintained.
Band structure analysis—. Through Fourier transform, we
can express Eq. (1) in the momentum space spanned by the ba-
sis of { | (k)lςα〉 } with l ∈ {B,T } , ς ∈ { A, B } and α ∈ { ↑, ↓ }
labeling the bottom/top layer, the A/B sublattice and the spin
up/down states, respectively. We obtain the band structure by
directly diagonalizing this 8× 8 Hamiltonian. The band struc-
ture of bilayer graphene shows gapless quadratic band cross-
ings at K/K′ valleys and the introduction of either interlayer
potential difference or the exchange field and the extrinsic-
Rashba SOC can open up a band gap, which holds either
QVHE or QAHE phase. The competition between these two
effects gives rise to rich topological phases as reported in
Refs. [26, 29].
Now we demonstrate the effect of the trigonal warping
terms on these two topological phases by calculating the band
structure as shown in Fig. 2. In the absence of the trigo-
nal warping term, the system exhibits a QVHE phase when
|M⊥| < |U | as shown in Fig. 2(a), where the Chern numbers of
K/K′ valleys are respectively ±2. Although it leaves the band
gap of K valley nearly constant, the increase of the strength
of trigonal warping changes that of K′ valley, which first re-
duces to zero and then reopens as plotted in Figs. 2(b) and
42(c) with the critical value being γ3 = 0.09 that is smaller
than the physical value [6]. Such a band closing and reopen-
ing indicates a topological phase transition that changes the
Chern number of K′ valley by three. Therefore, the system
exhibits a valley-polarized QAHE phase with a Chern num-
ber of C = CK + CK′ = 3 and a valley Chern number of
CV = CK − CK′ = 1. It is noteworthy that, when the topo-
logical phase of this system changes from QVHE to QAHE,
the band gap closing occurs at momentum away from K/K′
points, which is different from the phase transition at low-
energy regime by changing U or M⊥ where the band gap
closes at K/K′ point when |U | = |M⊥| as reported in Ref. 26.
This indicates that the trigonal warping plays crucial role at
momentum away from high-symmetric point.
Similarly, for the QAHE phase when |M⊥| > |U |, we also
find that the presence of the TW terms can induce a topolog-
ical phase transition at K′ valley, which changes the Chern
number from (CK ,CK′ ) = (2, 2) to (2, 5) leading again to a
valley-polarized QAHE phase with a high Chern number up
to 7 as shown in Figs. 2(d)-2(f). Furthermore, for both cases,
the increment in the Chern numbers is three due to the C3
symmetry of the system, which makes the band closing occur
at three different points in the Brillouin zone simultaneously
at the critical point. Then it fairly can be seen that each single
band crossing contributes to a unit Chern number variation.
However, the band closing points for QVHE and QAHE locate
at different high-symmetric lines of M-K′ and K′-Γ, respec-
tively [see Figs. 2(b) and 2(e)]. In addition, one also notes
that the critical trigonal warping strengths for the topologi-
cal phase transitions differ for different parameters, indicating
that the topological phases depend on the specific values of
the trigonal warping strength. It is worth restating that, in the
above calculations, the proportionality between γ3 and γ4 is
fixed. This choice is validated by the further investigation into
the case of changing γ4 independent of γ3, in which we find
that it can only shift the low-energy region of the band struc-
ture slightly without inducing new topological phase.
Phase diagram—. To fully illustrate the phase transi-
tions induced by the trigonal warping, we calculate the phase
diagrams with and without trigonal warping for different
extrinsic-Rashba SOC strengths of tSO = 0.02, 0.04, and 0.10.
Without loss of generality, we first study the phase diagrams
of tSO = 0.04 without and with trigonal warping as shown in
Figs. 3(a) and 3(b), respectively. In the absence of trigonal
warping, one can find that, in the regions with small M⊥ and
U, the QVHE with valley Chern numberCV = ±4 and vanish-
ing Chern number C occurs with when |M⊥| < |U |, whereas
the QAHE phase with C = ±4 appears when |M⊥| > |U |,
which reveals the phase diagrams reported in previous work
by using low-energy effective Hamiltonian [26, 29]. How-
ever, the situation becomes quite different for larger M⊥ and
U. First, the valley-polarized QAHE appears with Chern num-
bers (2,−5) and (2,−1) even without the trigonal warping as
Fig. 3(a) depicts. It is noteworthy that the sign change of U
leads to an interchange of the Chern numbers at K and K′ val-
leys: CK ↔ CK′ , while the sign change of M⊥ induces a sign
flip of Chern number: C → −C. These rules are also valid in
the presence of trigonal warping.
The phase diagram in the presence of trigonal warping is
presented in Fig. 3(b). By comparing Figs. 3(a) and 3(b),
one can find that the phase diagram has been strongly in-
fluenced. Specifically, the phase spaces for the QVHE with
(CK ,CK′) = (2,−2) and the QAHE with (CK ,CK′ ) = (2, 2) are
effectively diminished while various new topological phases
arise. In the regions near |M⊥| = |U |, the topological phase
transition changes the Chern number by six. For instance, the
QAHE of (CK ,CK′ ) = (2,−5) and (2,−1) become changed to
be (2, 1) and (2, 5), respectively. In the parameter space away
from the quadrant bisectors, however, the Chern number is
changed by three. Moreover, if M⊥ and U are so large that are
comparable to the in-plane hopping energy, another three new
topological phases with (CK ,CK′) = ±(2, 4) and ±(−1,−1), as
well as the QVHE with (CK ,CK′ ) = ±(−1, 1) occur.
In previous calculations, we set the extrinsic Rashba SOC
strength tSO = 0.04 , which equals to t⊥/3 for simplicity [26].
When tSO deviates from this value, new topological phases
arise. However, this does not influence the major characters
of the phase diagram. As displayed in Figs. 3(c) and 3(d),
we plot the phase diagram for tSO < t⊥/3 and tSO > t⊥/3,
respectively. The decrease (increase) of tSO introduces new
topological phases in QAHE (QVHE) regime near the cen-
ter of phase diagram, which is in consistent with the previous
work in Ref. 26. Moreover, near the cross-like phase border of
(M⊥,U) ≈ (±0.38,±0.38), the variation of tSO also splits the
crossing phase border horizontally and vertically, respectively.
Nevertheless, there is not new topological phase arising.
Summary and Discussion—. In conclusion, we study the
effect of trigonal warping on the topological nontrivial phases
in Bernal stacked bilayer graphene, which is induced by the
next-nearest-neighbor interlayer hopping. We find that the
trigonal warping plays a crucial role in determining the topo-
logical phases of bilayer graphene induced by exchange field
M⊥ and the interlayer potential difference U. Specifically,
the presence of trigonal warping can modify the QAHE and
QVHE phase by inducing topological phase transition that
changes the Chern number by three or six. For instance, the
QAHE phase in the absence of trigonal warping with a Chern
number of (CK ,CK′ ) = (2, 2) is changed by including the trig-
onal warping to a new phase with Chern number (2, 5), cor-
responding to a valley-polarized QAHE phase exhibiting a
rather high Chern number. What’s more, because the origin of
trigonal warping considered is the interlayer hopping without
any other conditions specified, a generalization can be drawn
that in other multilayer van der Waals systems, the interlayer
hopping induced trigonal warping may also drive new phe-
nomena.
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